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Abstract 

The minimum uncertainty and other relations are evaluated in the framework of the 
coherent states of the damped harmonic oscillator. It is shown that the coherent states of 
the damped harmonic oscillator are the squeezed coherent states of the simple harmonic 
oscillator. The unitary operator is also constructed, that connects coherent states between 
damped harmonic and simple harmonic oscillators. 


1 Introduction 

Recently there has been a surge of interest in the minimum uncertainty state which is one of the 
fundamental features of quantum mechanics[l]. Introducing the canonical conjugate variables for 
the harmonic oscillator, position x and momentum p in the appropriate dimensionless units, the 
coherent states can be described by a symmetric uncertainty in x and p with A p * Ax = 1 and 
Ax = A p = 1 . From the restriction of the uncertainty principle, Ax • Aj>, we may consider a more 
precise position Ax < 1 and a more uncertain momentum A p > 1. These states, i.e., one variable 
is squeezed at the expense of its conjugate, are called squeezed states or minimum uncertainty 
states, which can not be obtained from the optical sources generating the coherent states[2], but 
from two-photon coherent state$[3] including ordinary coherent states as a special case. This kind 
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of change in the variable corresponds to the measurement of either x or p in a rotating frame in 
phase space. This new space is the quadrature phase, that is directly related with a homodyne or 
heterodyne detection. Recently, two-photon devices have produced the squeezed states of light [4] 
with high precision interferometers [5]. 

The two-photon coherent states or minimum uncertainty can be distinguished from a coherent 
state in many ways, i.e., different photon processes, quantum statistical properties and coherence 
properties. The coherent state can be generated from one-photon stimulated processes, while the 
two-photon coherent states are generated from two-photon processes for two photons of the same 
mode. For the photon annihilation operator with frequency w, we may define the coherent states 
| a > (a | a >= a \ a >), and for the case of a two-photon process, a self-adjoint operator 
a = <»! + ia 2 yields < Aaf >=< Aa| >= l / 4 for the coherent state | a >, as derived in Sec. 3 
below. However, the states with a more precise quantity < AaJ X 1/4 and a more uncertain 
< AaJ » 1/4 are permitted by the uncertainty < AaJ >< Aa^ >> 1/16 with minimum 
uncertainty < A a* >< Aa, >= 1/16. This indicates that the ordinary coherent states are 
different from the minimum uncertainty. 

The purpose of this paper is to show that our previous results[ 6 ] of the coherent states for 
the damped harmonic oscillator (DHO) are the squeezed states of simple harmonic oscillator 
(SHO). Introducing the Caldirola-Kanai Hamiltonian [7], we review the prop aga tor, wave function, 
uncertainty relation and coherent states[ 8 j of the Caldirola-Kanai Hamiltonian in Sec. 2. In Sec. 
3 we define the self-adjoint operator and construct the coherent states for DHO. We determine the 
properties and structure of the unitary transformation of the coherent states of DHO and SHO in 
Sec. 4 . The results and discussion will be given in Sec. 5 together with graphs. 


2 Propagator and Wave Function of DHO 

We introduce the Caldirola-Kanai Hamiltonian for DHO as 


2 i 

P i *ft __ 2 2 

H = e 2 ^ + e 2 mW ° X ’ 


( 1 ) 


where 7 is the positive constant. As we have developed the quantum theory or damped driven 
harmonic oscillator by the path integral method[ 8 ], the propagator and wave function of DHO are 
given as 

1 »/ J 

I mweT 

K(x,t\x 0) 0 ) = 


2wih sin u >t 
2u 


exp[^{7(*2 - e yt x 2 ) 


smart 


((x 2 c^ + Xo)cosa?t - 2 e^xx 0 )}] , 


where 


= (2 n^)l /2 #n(flx) ex p [-*'(« + + «*"*) " Ax \ 

( 2 7 S V /2 

W = ^0 - T J , 


( 2 ) 

( 3 ) 


364 


N(t) 

m 2 

Mt) 

D(t) 


'mu' 
. xh . 


iHL 
m 2 ’ 


— r sin 2 u>t + sin 2 ut + 1 , 


4w J 

w 


2w 





il 
«<) ‘ 


(4) 


To construct the coherent states (| a >) for DHO, we define the annihilation operator a and 
creation operator a t as 


a = ~ ^ ’ 
flt = ^(p*P ~ 9**) » 


where fi(t) and rf(t) awe 


P(0 = ^(/*ey4)' 1/2 exp jtcot -1 + cotwt)) , 
T)(t) as \/2»ft^exp jtcot -1 + coturt)) . 


(5) 

( 6 ) 

(7) 

( 8 ) 


Equations. (5)-(6) satisfy the commutation relation [a, a*] = 1, which corresponds to [x,p] = ih. 
The coherent states in the coordinate representation | x > can be expressed by 


< x | a >= (2w/i/i*) -1 / 4 exp 


1 r\ 3 a 

[ 2ihp X + ^ 2 ' " ' 2/i 

With the use of Eqs. (5)-(8) the uncertainty relation can be easily obtained as 




(9) 


(AxAp) = | /i || i/|= 2W) 


= ^{ 1+ [(^ + 5) sinJ “ ,+ ^ !i "H } 


1/2 


( 10 ) 


Here, Eq. (10) is the minimum uncertainty corresponding to the (0,0) states. All of the formulas 
derived above reduce to those of simple harmonic oscillator (SHO) when 7 = 0. The propagator 
[Eq. (2)] has a very similar form to those of Cheng[9] and others[l0], but Eq. (3) is of a new form. 


3 Two-Dimensional Self-Adjoint Operators 

We introduce the dimensionless two self-adjoint operators 

o = Oi + ia 2 , ai = a}, a 2 = a\ (11) 
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and the corresponding eigenstates 


| o >=| <*i >1 +* | <*2 i (12) 

where Oi and atj are real. We refer to ( 01 , 02 ) or ( 01 , 02 ) as the quadrature components, and the 
relation between Eqs. (11) and (12) are given by 

Oi | Oi >1 = Oi | Oi >1 , 


(13) 


O 2 | O 2 >2 — a 2 I a 2 ^2 ■ 


Using Eqs. (5)-(6) we may express Eq. (11) as 

«, = gjlfo -*•)* + (<!•-<•«. (14) 

«> = ![-(, + ,>+(/* + /■•)!>]• < 15 > 

Rewriting Eqs. (14) and (15) as the representation of x and p, we get 

X = in + n*)a 2 , (16) 

P = (v + V*) a i ~ *(*? - V*) a 2 • ( 1 7 ) 

With the use of the wave function expressed as Eq. (3) and through the following definition 

< AOj > m , n = < (Ol— < Oi >m.n)(<*l — < °1 >*n,n)* >m,n * (16) 


we obtain the uncertainty relations at various states as 

< Ao? > n+2 ,„< Ao* > n+ 2 ,„ = -£(n + 2)(n + l)==*l, 

< A a\ >„+!,„< Aaj > n +i.» = ^(n + 1) J ^ • 

< Ao? >„. n < Ao* > n ,„ = l(2n + l)*==^, 

. 2 jk 2 1 2 min. ^ 

< All] >n— l,n^ ^^2 ig n 1 jg * 
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Averages in the coherent states can be defined as 

< o | o | o >=< a >= a , 


and thus we have 


< oi >= -(a + o*) = Oi , 

< <»2 >= |(o’ - a) = 02 , 


(19) 
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< ojaj > = 

j 1 

°? + 4 • 

(27) 

< oJa 3 > = 

2 1 

(28) 

< A a\ > = 

< A<4 >= ^ , 

(29) 

and the following aj representation 



i /2\ 1/4 

< aj | a >= 1 — ) exp 

[-(«i “ «) 2 + ^<*/mor] , 

(30) 


where ai | an >= a'j | a >. 


4 Unitary Transformation 


Now we will construct the unitary operator that transforms the coherent states for SHO to that 
of the two-photon coherent state of DHO and vice versa. From Eqs. (5)-(6), we can easily show 
the relation 


a = va 0 — AaJ , 
a 1 = -A'ao + v*a\ , 

where the expressions of ao and <4 by a and a f are 

oo = v m a + Aa* , 

*4 = A*a + i/o f , 

for a pair of numbers A and v satisfying 

I H 2 - I A | J = 1 . 

We take the values of u and A as the following: 
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Since a canonical transformation is defined as any transformation which keeps the commutator 
invariant, we can confirm that the transformation of variables from (<*oi a o) to (a, fl*) given in Eqs. 
(31)-(32) and (35) is a canonical linear transformation. According to a theorem of Von Neuman- 
n[ll], there exists a unitary operator U a which yields all the linear canonical transformations, 
i.e., 

b(a 0 , 4 ) = U a aoUl = vao - Xal . (38) 

The commutation relation ([a,^] = l] and unitary transformation [Eq. (38)] provide a with 
properties exactly similar to those of oq. Therefore, we may obtain the usual properties of a as 


N = a f a , 

N | n > = n | n >, N | 0 >= 0 , 
| n > = U a | n >o , 

and a coherent state for DHO is given by 

| a > = U a | a > 0 , 


(39) 

(40) 

(41) 


(42) 


where | a > 0 is a coherent states for SHO. The representation of coherent states for DHO in the 
SHO space is given by 


< a I o >o= 


where the coefficients are 
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A 1 /w 0 J c-^-2u;u;o + u; 3 ^V /2 f . -i 

2 «/* 2 V w ge-*‘ + 2ww to + ^J exp \* tan l^-(^) 3 e-^Jj ’ 


2{ 


„i2fy 


l/* 


(2 + + */»») 


1 / 2 ' 


The wave function < n | o > for a coherent state of DHO in the state of SHO can be obtained 
from Eq. (43). Using the following formula with the nth Hermite polynomial, 


_2*t' 


UO 
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n=0 


n! 


t n , 


< |< oo , 


(45) 


and through the similar derivation of Eq. (9), we can easily obtain 


< n | a > = 


1 


v/2? 


V2”n! (^c — rt + 2 + ^-0 3 ) [wo*'* + 2wwo + w 2 # 2 


Unt~ yt — 2u>u>o + w 2 /? 2 


x ^„[(-2»/A)- 1/2 o] exp(— 1 | a | 2 -^a 2 ) , 


(46) 


where the coefficients in Eq. (46) are given as 
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If we represent the annihilation operator a<> in the state of DHO, we get 

< ao >=< q | ao | a >= y*a -I- Aa* = + ia^j » 

from the definition of Eq. (18) we obtain the quantities 

< Aaoj > = < a | (a 0 i - ar^) 2 | a > 

= \ \v + A | 2 
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< Aajj > = | A | 3 

- (52) 

The repetition of representation for the annihilation operator a in the state of SHO yields 

< a > 0 = < a 0 | a | a 0 >= va 0 - AaJ = a* = o w + ta w , (53) 


< Aaj > 0 = < a 0 | (at - a w ) 3 | o 0 > , 
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In Eq. (42) we have defined the unitary operator that is a linear canonical transformation. 
From this equation we have 


< Qr 0 | 0 > = < a 0 | U L | 00 > 

= UK 0o,a- o )<a o \0> . 


(58) 
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A direct application of the following formulas [12] 
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gives the unitary operator in the | a >o representation, 
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where the coefficients are 
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5 Results and Discussion 

Starting from the coherent states of DHO, we have shown that these states are the squeezed states 
of SHO and vice versa. We have also evaluated the averages of the operators oo> a i and A a\ 
in both spaces of DHO and SHO. We have constructed the unitary operator which transforms the 
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t 


FIG. I. /3(t) as a funtion of ut at various values of x = 7 /u. 


coherent states (| a > 0 ) to the coherent states ( | a >), i.e., | a >= U Q | a >0. 

Figure 1 illustrates the behavior of /3(f) [Eq. (10)] as a function of t and x = 7/u;. As x 
increases, the amplitude of the oscillation becomes large. For the condition 7 <C u> 0 , c* u> 0 and 
7 0, /3(f) approaches to unity, with DHO reducing to SHO. Therefore, the uncertainty relation 

for the (n,n) state [Eq. (10)] oscillates with the period tt. 

From the definition of the self adjoint operator and Eq. (18), we have evaluated the minimum 
uncertainty for various states in Eqs. (19)-(23). The minimum uncertainties for the diagonal and 
first off-diagonal states have the value of 1/16, and the minimum values for the second off-diagonal 
states are 1/8. For < Aa 2 >C 1/4, the corresponding canonical part results in more uncertainty. 

The creation and annihilation operators (a t and a) in Sec. 4 can be shown under the condition 
| i/ | 2 - | A | 2 = 1. The operators (ao,a 0 ) are transformed to the operators (a t ,a) through unitary 
operator (/*. The behaviors of | v \ and | A | are depicted in Figures 2 and 3, respectively. We 
can confirm that | v | oscillates periodically in general, but | A | behaves in a more complicated 
fashion, and as x = 7 fu increases to larger than unity, the oscillation decays rapidly . 

The average of Aa^ and Aa^ in the states of DHO are given in Eqs. (49)-(50). < Aa^ > 
oscillates with exponential decrease, while < Aa^ > does so with exponential increase. The 
minimum value of < Aa^ >< Aa£ 2 > is 1/16 at /3(f) = 1. The averages of Aa 2 and Aa 2 in the 
space of SHO are evaluated in Eqs. (54)-(55). The uncertainty relation [Eq. (56)] has a minimum 
value of 1/16 at f = sin -1 n?r or t = cos _1 (7/2w — 4^/7), and maximum value at /3 2 — (uJ 0 /w) 2 c" 2 ' ?t 
(Figure 4). 

Equations (61)-(63) represent the unitary operator which transforms | a >0 to | a > and vice 
versa. Therefore, we can obtain the scaled state through <x|a> = <x|{/|a > 0 . 

In conclusion, we have shown the uncertainties and their relations in the states of SHO and 
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FIG. 2. | v | versus ut at various values of 7/w. 



FIG. 3. | A | versus u>t at various values of 7/w. 
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Mh 



FIG. 4. Uncertainty relations versus u it. 


DHO. We have also shown that there exists a unitary operator to connect the coherent states of 
SHO with those of DHO. 
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